An uncoupled correlated variational method for the calculation of helium isoelectronic bound states is proposed. New projective coordinates s = r 1 + r 2 , v = r 12 r 1 +r 2
Introduction
In atomic physics uncoupled correlation calculations with a high degree of accuracy have recently been discussed [1] . A variational basis in the special projective coordinates which yield a suitable representation of the overall matrix of the Hamiltonian by simple products of three one-dimensional integrals has been introduced. High accuracy calculations for the ground state of a helium atom with infinite nuclear mass have been carried out. However, this method leads to the Hamiltonian containing δ-function terms and possesses a rather low rate of convergence of the energy E = E(N) versus the number N of terms in the expansion of the eigenvector over the variational basis (so-called 'length N of eigenvector') with a single nonlinear parameter. In particular, the value E = −2.903 724 377 034 119 593 8(50) au has been reported for N = 8066 without optimization of the nonlinear parameter [1] . It is interesting to investigate a simpler set of the projective coordinates which provides an uncoupling representation of the matrix elements of the total Hamiltonian and higher rate of convergence of the variational energy.
In this letter such a set of the projective coordinates is introduced and the corresponding variational basis with a single nonlinear parameter is constructed. The rate of convergence of the energy of helium isoelectronic ground states is studied and the comparison with known calculations is carried out. As a result, new estimations of the isotope helium ground states are presented.
New uncoupled correlated representation
We consider solutions of the Schrödinger equation with the two-electron nonrelativistic Hamiltonian H with the nuclear mass being infinite or finite. This Hamiltonian can be rewritten as:
where M is the nuclear mass, Z is the nuclear charge, r i is the distance between the nucleus and the ith electron and r 12 is the distance between the electrons. In spherical coordinates for two-electron S states the Hamiltonian takes the form 
The aim of this letter is to present an alternative approach in order to simplify the variational calculations and provide sufficiently higher stability and accuracy. The radial part of the integration volume element can be rewritten in the following way: 
The three limits of integration are uncoupled by changing the perimetric variables for the new projective coordinates
For the new variables (5) the integral (4) is rewritten as
If the function f in the integrand has the form
then the integral (6) is fully uncoupled into products of three one-dimensional integrals:
The full advantage of this decoupling is achieved by choosing the new uncoupled correlated representation for the variational basis set
where W 2k (w) are even functions of w for the 1S state of the helium atom. With this basis set all matrix elements of the overlap for the Hamiltonian presented in explicit form [2] can be written as products of one-dimensional integrals (8) . The simplest basis functions can be Slater functions for U i and simple powers for V j and W 2k . Notice that, unlike the case of perimetric coordinates, there is no limitation on the number of the nonlinear parameters which can be introduced for any of the one-dimensional basis functions.
Reduction to the algebraic eigenvalue problem
In this work the basis sets used are based on the orthogonal polynomials suited to the domain of integration of each integral. We use
where
are the normalization constants, L are the Jacobi polynomials and α i are the variational parameters. By choosing a set with a single parameter α the basis set U i is orthonormal. With these definitions we have
Here the overall overlap matrix consists of a set of block-diagonal arrays, one for each order of the Laguerre polynomials. Using the following additional conditions
where Nsvw is the largest term in the sum of the orders of U i , V j and W 2k , Nvw is the largest term in the sum of the orders of V j and W 2k and a > b > 1. Now we can find the variational wavefunction in the form
where C i,j,2k is the vector of the unknown constants. After substitution of the expansion (14) into the Rayleigh-Ritz variational functional
and subsequent minimization of the functional at a fixed value of the nonlinear parameter α, we arrive at an algebraic eigenvalue problem
Here
is the stiffness matrix, B is the mass matrix, E(α) is the eigenvalue and C is the corresponding eigenvector.
We apply the method of inverse iteration with Rayleigh shift to solve the eigenvalue problem (16). Then we use the condition ∂E(α)/∂α = 0 to minimize the energy E ≡ E(α) with respect to the nonlinear parameter α. partial bases, in accordance with the resampling down procedure (13), which are finally used to form the N -dimensional ground state vector (14). These sets provide an appropriate condition number of the matrix A(α, Z, M) of the order 10 6 , that is three orders better than that for a = b = 1 in equation (13). The achieved stability allows one to accelerate the stiffness matrix diagonalization when more than a 13-digit accuracy is required and quadrupleprecision calculations are necessary. Note that in real computing we should add a regularization parameter ε = 10 −25 . Table 2 displays the variational parameter values α = α(Z, N) in au for the set of N values actually used in our calculations. Table 3 shows the variational energy E = E(N) in au and the extrapolation values E as calculated in the present work. The comparison with the other published data is also presented in this table.
Comparison of two uncoupled correlation calculations
Below we briefly describe the method of paper [1] to compare it with our approach. In this method the special projective coordinates have been used
where r > = max(r 1 , r 2 ), r < = min(r 1 , r 2 ). The Hamiltonian (2) can be rewritten without trouble in terms of such coordinates
where is the Heaviside step function and = 1 − . However, the corresponding Hamiltonian contains the Dirac delta function
as has been shown explicitly in [2] . Note that the variables u, v and w have been introduced in the basis set to improve the cusp condition for the probe wavefunction at r 1 = r 2 in two ways: (a) by using r 12 explicitly; (b) by using the variables r > and r < [1] . In this case any radial basis function cannot be written as a product of two radial hydrogen-like functions in the coordinates (17)
i.e. it cannot be reduced to the form f (u)g(v) which immediately follows from (10) in accordance with (5) . So, if one omits the term uv in the exponent of the right-hand side of equation (21), then the basis set is defined in the form (22) for N = 3795. 2 Our results used in the basis vectors (10) for N = 3424. Table 5 . The set of parameters of extrapolation formula (25) at given Z: β is the power of the convergence rate; D 18 is the constant used for reducing the scale of the energy. 4 He and 3 He denote the sets for the helium atom isotopes, G is the set for the results of [1] . where N i and N j are given by (11), and Table 4 shows the corresponding results of our calculation for the variational energy E(N) with the basis vectors (22) and (10) for similar N to compare the convergence rate of the two methods mentioned above. We also studied the extrapolation of such eigenvalues by the formula
We have calculated the values of E as , C, β by minimizing the functional with the values of D 18 given in table 5. Finally, we take the basis vectors (22) and (10) to plot the radial parts of the wavefunctions versus s in figure 2 using the above relation (21).
One can see that the area under the plots of the radial functions (10) shown by dotted curves is greater than that under the plots of the functions (22) shown by full curves. Table 4 shows that at optimal parameter α found from the condition ∂E(α)/∂α = 0 the convergence rate of the decomposition (10) is better than that given by (22). Evidently, this fact is a consequence of the explicit account for the cusp condition for the coordinate r 12 in the form (20).
